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B. Brownian motion is
, by now

,
a

classical object in probability theory
.

• Universality : Many natural stochastic

processes
scale to Brownian

motion
.

(DonsKer 's
invariance principle) .

• Markovproperty (one - sided) .

conditioned on (BB dues
.(B¥t 's

@⇒ too .

I' Bst

Dues
.nrv.is?ht



•

Wn;:hq÷wr
Law of (B×)w

.

.so given . ④ tlteu
TZU

is given by . independent

Linear interpolation t
Brownian

- Bridge .

| between.

g.

Harmonic Brownian motion conditioned

extension . to be 0 at uandv :

and independent of
(Bt)tsu

,
tzu -



• Scaling property-
:

⇐ (Bet)⇒
.

⇒ ⑦tho
.

2moj?ona÷!°8mofBoownian
( A "canonical

"
Gaussian process

in 1122
,
thx)xeR2

,

which

has a natural
"

Markov
"

property and
"conformal

symmetries
"



"

Discrete gnthe
version "

2d square
o - boundary lattice

O↳ ←a

fix)×en ~ Multivariate

Gaussian
.

Echx)=0, covchx.hyt-GYx.gl
.



G' (xn) = Green's function in A .

•• GYM) : Expected # visits
to

y by a Random

walk started at se .

' before exiting
h

.

Has a natural Markov

property
.
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@ ×),
conditioned on

×
c

⇒ harmonic extension of
e,

1- independent Gaussian* t

free field in
D

.



As

? HIEI
G
's
Ca , a) a log(Ys) → a .

Limit does not exist as

Random functions !

Borde
GFF

But . I
him Efim hsu, s?
8-30

'

VED
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= Nfo , ffcxi.icxmd.to;D)



Continuum 2D - GFF
,

DEG
,

-

-- simply
D) :

Conn . Smooth

compactlyDEI Chol)# ILD)
. q99YIYid(stochastic process indexed

by smooth functions) .

(Endowed with product topology).

( i.e . specified by joint
law of

( ( h%
. .
ht
. .
his

.

.
. .
. . ,hD¥

with
, Eth) -

- O tf
C- END) .



Cov ( liq. ,h"q .) -
- Joli G''can

Cn
DxD §.

G)dxdy

Enough to define
this by Gaussianily .

-

AHernaledefinitioni.net/-CD).#
H' CD ) : completion of

the space

of smooth compactly supported
function writ . the inner product

(fish = § Pf - 718
q
- ff og

Gauss
Green

.



Then take an in Neon)
and set

h= Iaea (bae:
"

ofonormd
eigenfunctions

exists as .
in H

' of
-o ) .

c

TD : Law of GFF .

.

Sometimes we denote

hot = Cheol)

"
Think integration

"

,



Properties
-

• Conformational: (CI) .

Let f : Drs D
' be conformal

then TD = TD
'

of

where F'
'

of is
the law of the Stoch .

process
= (WH)

( h'T Hoot
-HH't )
*ECB)

• ¢zero/Dirichlet boundary) (DB)

If 4N hass support
→ 3D

and 4.n then Chik) → 0



• Domain Markov property (DMP).
#

⑧
h
"
-

-
h:3 +4,5

'

• h
's; is independent
of his

• this
, gee,

has law

TD
.

( GFF on
D
" )

.

• QDD
'

is harmonic
in D

'

. .

(dis's
'

is a Stoch . process in
R
"
with

(QB's 4) is the same
as integrating

against a
harmonic function) .



GFF
sample .



fmT@A.Sapulveda.o.G
FF is a canonical object -

- scaling limits of many
natural

stat - physics
models :

EI Diemer
model

,
six -vertex

model (delocalizedphase) ,

Double Ising .

etc .

- key
"perturbation

" of harmonic

function
used in construction

of Lillequantumgrarit€
• Random matrix theory



ourassumptionsT-r.su/oposea stochastic process
on

.

1129403 satisfies .

In : let E'bade a family of
stochastic processes indexedby

END) .

Then
does -the 3. properties .

Conformal ⑦
Domain

Markov
⑦
Dirichlet

inv . boundary

=) TD is GETon D ?

Let HD : sample from T?

Think (Berestycki, Powell, R .

,

"

18)

YES if E 4)4) a t¢EE%,

Thin (Berestycki, Powell, R .

YES if 740, E ( ( HD,4)
"90

,
to



' Regales : Conformal Invariance
is

not enough .

→ CLE ,e Nesting field (
Miller

,

Watson
,

Wilson)
'

14
(Not even Gaussian)

.

→
.
Planar Ising magnetization
field .-



-

Future work :
characterize
- fractional Gaussian

fields in Rd

FGFSCIRD) -- C- o )
-% W .

W : space time while noise .

See →
Gaussian free field .

Seton) a long range
GFF

with Brownian

motion replacedby
2s - key process .



SketchofProofCThm1I@Sep1n.Show HD is Gaussian

• step : show covariance

is Green's

function .

KeytooliCirdeareragebrocess@3fdfaneamrmEinIsisnpexistg.w
here ⑦ fr) = ⇐ ffcxldx

2Br

'

ft::::÷: ::
"

minion
needs justification ?



sketchofproofclhmIIProofofs.IEp 2 (
Two point
- function).

(Technical step) : F a
covariance

'

÷!K⇐⇒:=EsoEa¥
kettle ( h

,
Se) k

• If f , Dts D
'
is conformal .

Kfc" (tht) ,#2-d) = K (Zi ,-22)
.

ID :unitdisc.

• KD (o , y) = - aloglyl
,
yep.



Proof : Let f Cr) = Eff Coll]

→

"

= Etch
"
,

Conf . Inv . ④ Domain
Markov .

r.se ,
⇒µN=fGHS

• f- is continuous (
technicalestimated

• fu) -0 .

⇒ f- G) = - a log .

sci

but far) = f K'
"

( o,wl§tDdw
2Br

conf . Inv Of K ⇒ K law) -- fflwl )
= - a 1081W I

#



sketchofproofclhmtfo.la
ke D= D . (unit disc) .

• Take Bt = th , ⇒

scaleinvarianaaonan.ly#V-c(Bttc)teR--lBtttER
.

• Bt is a martingale : Fixsst .

with independent increment .

lF( Bt - Bsl dues)
Du -- e-

"
D

- Ethio .se-e) + (9,7kt)(indhptofy, g.CI#monicig



÷:
-M¥4.1 - te:*,
x

O

= Ef ( hi , Se - t))
⇒

Showing B+ is cont . is

( rules
out cantered

hard part -

PoissonPoetess
.
)

• No scaling relation .

'

• Need 4th moment here

to estimate the



harmonic functions and

get

#4) seem .

(Nole E ( (Bt -Bt 2) = CE ,
⇒ Bt is a Brownian Not enough !)

Moti?

• at:÷:i÷÷:÷÷ni
•
Need to extend foe to a

11
11

notion of harmonic average

leanbe defined directly OR

by conformal
invariance)

.



• Find a sequence of
domains

approximating the joint
circle average .



Proof of theorem 2
.

(Lowering the
moments)

.

① Show Gaussianily of
single circle averages

⑧
by showing Fa

-s . continuous mdodificako.in

Deduce existence of

4th moments of

from this .



Partito: Take the upper

half plane
IH .

consider .

the measure fu

(4. pug -- ru rich 4 do

Pu : (Ito excursion measure

? u
.

• supported on 2 (Talbott)

• Does not have total mass1 .

•
We study

"

sine averages ?

-

I
-

Yu := (h
"

, tu)
,
u > o

.→



Ito excursion measure
-

N -

- tie?. I
'Pie

Pie : Law of Brownian
Motion

started at ie
killed on

reaching IR .

ten-man. Mass of excursions

leaving rDNA through

freia, reib) is

⇐ Sabsincosdo .



Proof of Theorem 2 (contd) .
#

Red : Yu -- HIM
,
no

.

Prot Yu has a modification

which is Gx (standard BM)
.

Proof
.

Employing previous ideas

G) Cscaliy) . us .
(4) noo

too (Hard to

prove for
circle

averages) .

(b) (G) rates conditioned on

Huber and (Yuk,
is



A
"

linear interpolation
"

+ something independent.

(Hard to prove for circle average ) .

'¢Theorem (Wesolowski
'93) :

(a) t Cb) t.ECFlag) ca tu .

⇒
.

Y - Gx Brownian
Motion)

.

• with some work we can
show

Wesolowski assumingpY¥nYKg
( seems to be new ! ) .



Proof of Theorem 2 ( contd)
.

-

• Bootstrap the sine -

averages
to get circle -

average .

• Idea :

" random rotation "

and
" unit rotation of

sine average
"

= circle average .

rotation
b

*¥.ie#eii:p: )
↳ =BM .

#

Make sure

clift has " littleeffect
.

"




